We study the onset of magnetoconvection between two infinite horizontal planes subject to a vertical magnetic field aligned with background rotation. In order to gain insight into the convection taking place in the Earth's tangent cylinder (TC), we target regimes of asymptotically strong rotation. The critical Rayleigh number Asymptotic scalings for the onset of these modes have been numerically confirmed and precisely quantified. We show that with no-slip boundary conditions, the asymptotic behaviour is reached for E < 10 −6 and establish a map in the (E, Λ) plane. We distinguish regions where convection sets in either in the magnetic mode or in the viscous mode. Our analysis gives the regime in which the transition between magnetic and viscous modes may be observed. We also show that within the asymptotic regime, the role played by the kinematic boundary conditions is minimal.
I. INTRODUCTION
In this paper, we analyse the onset of plane-layer convection governed by the interplay between the magnetic (Lorentz), buoyancy and Coriolis forces, to obtain an insight into how convection in the Tangent Cylinder (TC) region of the Earth's liquid core is driven. This region is bounded by the Earth's solid inner core at its bottom, the mantle at its top, and by an imaginary cylinder tangent to the solid inner core and parallel to the Earth's rotation axis. Intense convection, compositional and thermal, is believed to take place in this region, affecting the structure of the magnetic field near the poles [1] . The Earth's self-generated magnetic field is thought to affect the structure of convective cells in the TC, producing strong anticyclonic polar vortices that show up in the secular variation of the geomagnetic field [2] . The aim of our study is to find out whether onset of convection is sensitive to the Lorentz force in the regime of strong rotation that characterises the Earth.
Previous work on plane rotating magnetoconvection has been motivated either by geophysical or engineering applications involving liquid metals [3] [4] [5] [6] [7] [8] [9] . A number of geophysically motivated studies focused on the dynamics outside the TC: an early study [10] derived theoretical scalings for the critical Rayleigh number and wave number at the onset of convection as a function of the magnetic field intensity and magnitude of the Coriolis force. Other studies [4, 11, and 12] showed experimentally and theoretically that, in this region convection and rotation generated tall columns parallel to the rotation axis. A recent study investigated the role of a dipolar magnetic field in enhancing helicity in convection columns [13] , which can explain subcritical behaviour as well as the preference for the axial dipole in rapidly rotating dynamos. These studies, however, do not consider the particularity of the TC, which, though imaginary, acts somewhat as a physical boundary because the presence of the solid inner core makes overcoming the Taylor-Proudman constraint more difficult. When convection does set in, motions vary strongly along z as heat and composition flux have a substantial component in the z-direction. Due to the large aspect ratio of the TC, the curvature of the top and the bottom boundaries are not expected to play a lead role, at least at the onset of convection. On these grounds, a simple plane geometry is expected to provide a fair, albeit simplistic, representation of the TC. In this geometry, it was theorised [14, 15] and experimentally observed [16] that the convection could set off through an instability either of a magnetic or a viscous mode, depending on the values of the Ekman number (Vis-cous to Coriolis forces) and of the Elsasser number (Lorentz to Coriolis forces). While the magnetic mode has a low horizontal wavenumber, the viscous mode is characterised by thin structures of high horizontal wavenumber parallel to the rotation axis. One would expect that convective flows driven by these two mechanisms to differ significantly. These studies showed that transition between these modes resulted in a brutal change in the wavelength of the observed convective pattern, but concerned only large values of E (> 10 −5 ). Such values may be too far from the asymptotic regimes relevant to the Earth's (E ∼ 10 −14 ) [17] to be applicable to it.
There have been experimental studies dedicated to the dynamics of the TC for E = 10 To explore Earth-relevant regimes, we look at plane-layer magnetoconvection at values of E low enough to find an asymptotic regime. Although actual regimes of the TC remain beyond the reach of this analysis, asymptotic scalings are relevant to it. In the same spirit, we shall characterise the consequence of using either a no-slip boundary condition or its less computationally demanding stress-free counterpart on these regimes.
The paper is organised as follows: Section 2 introduces the governing equations and the numerical method to solve them is validated. Results are discussed in Section 3 results and scalings for the asymptotic regimes are expressed in terms of E and Λ. Relevance to the Earth is discussed in section 4.
II. GOVERNING EQUATIONS AND NUMERICAL METHOD

A. Governing equations
We consider an incompressible fluid (viscosity ν, thermal diffusivity κ, magnetic diffusivity η, density ρ, expansion coefficient α) confined between two differentially heated infinite Ω, the equations can be written in non-dimensional form, as follows:
where B is the total magnetic field. The system is controlled by 5 non-dimensional parameters: the Ekman number, E = ν/Ωd 2 , a modified Rayleigh number, Ra = gα∆T d/ηΩ, the Elsasser number, Λ = B 2 /µ 0 ηρΩ, the Prandtl number, Pr = ν/κ and the magnetic Prandtl number, Pm = ν/η. We applied two different kinds of boundary conditions: stressfree magnetic (SFM) (conditions (6)- (9) below) and no-slip magnetic (NSM) (conditions (8)- (10) below). These are given respectively for z = ±1/2 as:
(∇ × B).e z = 0 (electrically insulating),
For both sets of boundary conditions, the system has a simple solution with u 0 = 0, 
Here D is the derivative along z,ω z ,û z ,ĵ z andb z are the z-components of the vorticity, velocity, electric current and magnetic field perturbations andT ′ is the temperature perturbation. The nondimensional wave number is denoted by a = a . Eq. (11) is obtained
and Eq. (15) follows from Eq. (3). The boundary conditions (6)- (10) take the form
The problem becomes a generalized eigenvalue problem of the form AX = RaBX. The critical Rayleigh number for the onset of convection Ra c is found as an eigenvalue of the problem for any given a and minimised over a as in [14] . 
B. Numerical method
Eqs. (11) − (15) were solved numerically using a spectral collocation method based on Chebyshev polynomials [20] . In the no-slip case, a boundary layer of thickness δ = 2 √ Eπ develops along the walls [21] , and we have ensured that at least 3 collocations points were in it.
Some convergence tests have been performed to ensure that the resolution is adequate. The results are presented in figure 2 , where we varied the number of collocations points N between 5 to 3000. In the SFM case, the tests were performed for Λ = 1, E = 10
and a = 3.149. NSM conditions were tested with Λ = 1, E = 10
and a = 3.333. We chose these parameters to ensure a good convergence at the lowest E we investigated. We look at the value of the error, ǫ on Ra c relative to its value obtained for N = 3000. For both types of boundary conditions, N > 100 gives a small relative error. On the basis of this test, the results presented in the next section have been obtained with N = 600 for the SFM case and N = 1200 for the NSM case. 
III. RESULTS
A. General properties
In figure 3 , we illustrate the typical behaviour of the critical Rayleigh number, Ra c with respect to the wave number, a. The blue curve corresponds to E = 10 −8 and Λ = 1. The green curves were obtained for E = 10 −8 and Λ = 10 −1 to 10 −3 and the red curves for E = 10 −5 to 10 −7 at Λ = 1. For each case, we note three specific values for Ra c . The first is a minimum occurring at low a, its position and value depends hardly on E but is mostly controlled by Λ. As such, it is referred to as the magnetic mode which we shall denote decreases while Ra m c remains constant, so that a crossover value E c (Λ) exists beyond which the viscous mode is more unstable than the critical one, and triggers the onset of convection.
Before this point is reached, the clear separation between magnetic and viscous progressively starts disappearing. Ultimately, the intermediate maximum merges into the magnetic mode, at which point both disappear, for E = E D < E c (Λ).
In figure 5a and 5b, we report the variations of Ra is practically independent of Λ and E. The crossover point at which the magnetic mode becomes more unstable than the viscous mode can also be seen. with Ekman number, E, for SFM boundary conditions.
computationally expensive than those with SFM boundary conditions. with Ekman number, E, for NSM boundary conditions.
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(a) where Ra v c = Ra int c . In the limit of E → 0, these respectively obey the scalings:
and
Exponents in these laws readily follow from the scalings for Ra is independent of the diffusivities κ and η allows us to mark out the area of parameters investigated in experiments [16 and 18] . In particular, the experiments of [18] operates outside the viscous-magnetic transition ; which explains why these authors did not observe this phenomenon, while [16] did. In any case, none of these experiments appear to have reached asymptotic regime of low E. 
IV. DISCUSSION
In this work, we have presented a detailed parametric study of the linear stability problem governing the onset of plane magnetoconvection down to asymptotic regimes in the limit E → 0. This led us to the following results:
1. We were able to precisely verify and quantify the theoretical scalings for the onset of the magnetic and the viscous convection modes, Ra 2. Our parametric analysis led us to establish a map in the space of parameters (E, Λ) and to distinguish three regions: one where only the viscous mode exists, one where both viscous and magnetic modes exist but the magnetic mode is more unstable, and one where both exist but the viscous mode is more unstable. The crossover between instabilities due to the magnetic mode and instabilities due to the viscous one occurs for Λ=7.22E 1/3 in the limit E → 0, in agreement with Sreenivasan and Jones [1] .
3. With NSM, this asymptotic behaviour is only recovered for E ∼ 10 −5.5 and this explains why the magnetic/viscous transition was observed in the experiments of Nakagawa [16] and not in those of Aurnou & Olson [18] .
4. This asymptotic behaviour is recovered both for SFM and NSM boundary conditions, but attained at much lower values of E for the latter than the former. This implies that the asymptotic behaviour found at low E with NSM is well reproduced with SFM boundary conditions and E as high as 10 −3 .
Using values of Λ between 0.08 and 1, E = 10 −14 [22] and accepting the relevance of our simplified geometry, our results suggest that the onset of the convection inside the Earth's TC is magnetically controlled. In the same way, our analysis can be applied to Mercury, for which Λ ∼ 6.10 −5 [22] and E = 10 −12 [23] . Then, the asymptotic law (19) suggests that the convection in Mercury's TC sets off following instability of the viscous mode.
